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Abstract 
The ability to turn is an essential feature for biped walkers to move around obstacles. This study is aimed at extending passive 
walking concept for curved walking and turning to generate more natural and effective motion. Hence three-dimensional (3D) 
motion of rimless spoked-wheel as the simplest walking model on a slope surface and about a general vertical fixed coordinate 
system has been analyzed. Several simulation results has been presented and shown that there are various passive turning motions
with asymptotical stability for this system. In addition, the value of the passive turning is shown to be strictly concerned to the 
value of the initial perturbed condition, for instance, to the initial inclination of the wheel. 
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1. Introduction  
In an effort to improve the abilities of biped robots, most of the robot designs have grown to be increasingly 
complex. Therefore some researchers have sought to minimize the number of actuators used in the walkers [1]. The 
notion of passive walking was first studied in detail by McGeer [2]. He showed that a biped can walk a slope down 
only activated by its gravity, without any actuation or an active control system. Indeed, the walker can create an 
inherent stable periodic motion on some special slopes. This fact could be used to design effective active controller 
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of walking on flat surfaces, as has been followed by others [3, 4]. The emphasis in these robots is on stability and 
energy efficiency through “natural dynamics” and not on feedback control for achieving a wide range of behavior 
[5]. Although McGeer’s walkers were two-dimensional (2D) and prevented from wobbling side to side, subsequent 
studies [6, 7] considered full 3D passive walkers; all limited to straight passive walking. The ability to turn is an 
essential feature to avoid obstacles on a given surface. In daily activities, 20% up to 50% of all steps are turns [8], 
but relatively few researches have addressed the issue of turning for bipedal robots, and even fewer have attempted 
to provide stability guarantees [9]. These techniques on bipedal turning motion include Heuristic methods based on 
change of the duty ratios of the two legs, slipping the feet on the ground, and trial-and-error methods [5]. More 
recently, the works [5, 10] have developed sophisticated and rigorous settings for stable walking and steering of 3D 
robots on the basis of the geometric reduction and the hybrid zero dynamics methods. In both of these references, 
“steering” is achieved by adjusting a heading angle set point in a feedback controller which is actually responsible 
for 3D “straight walking”. 
In addition, previous researches in the field of turning are all limited to active models (full actuation or 
underactuation). This study is aimed at extending passive walking notion for curved walking and turning to generate 
more natural, effective motions. Here, a question of general interest is that “is there a passive turning motion for a 
biped walker?” and if there is “how can this be applicable to create active turning?”. So far, however, there has been 
a little attention paid to this issue. The only related work is probably reported by Wisse [11], through experiment on 
Delft pneumatic biped that is based on the concept of passive dynamic walking. He found if the model were placed 
on the slope in a direction other than steepest descent; it will automatically steer towards that direction. Or, even 
more useful, a sideway mass offset will also induce intentional steering in that direction. 
The present paper is focused on the analysis of 3D turning motions of a rimless spoked-wheel as the simplest 
walking model who shares some qualitative features with passive-dynamic walkers. This wheel is simpler to study 
because if the slope is large enough, periodic motions always exist within some interval of heading angle [12]. Also 
its motion resembles that of a disk, especially if the number of spokes goes to infinity. It is hoped that a 3D turning 
analysis of the wheel might improve the understanding of the 3D dynamics of passive walkers, and subsequently 
provide some insight into their possible steering mechanisms with a natural stability. It is worth noting that 2D 
motion of the rimless wheel which has only one degree of freedom has been studied before by McGeer and 
completed by others [2, 13]. To the best of our knowledge, the only works closely related to this work are [12, 14, 
15], concentrated on 3D straight walking of the rimless wheel and no attention has been paid to its turning motions. 
For instance, Coleman et al. [12] focused on 3D stability studies of 2D periodic motions of the wheel. They have 
shown that this system has a one-parameter family of 2D stable steady rolling motion at any large enough slopes. 
This paper is organized as follows. Firstly the 3D model of the rimless spoked wheel on the slope and in terms of 
a more general fixed coordinate is presented. It is a hybrid system with impact effects due to spokes collision with 
the ground. Then several fixed points for stable passive turning are analyzed and simulation results are presented. Final 
section concludes the paper. 
2. 3D motions of Rimless Spoked Wheel 
Like McGeer's walking machines, the rimless wheel has periodic motions in two dimensions which are stable if 
restricted to two dimensions. We study the 3D motions of a spoked rimless wheel 'rolling' down a slope under the 
action of gravity. In contrast to a rolling disk on a flat surface which has steady rolling motions that are only 
neutrally stable at best, the rimless wheel can have asymptotic stability on a slope [12]. 
2.1. Model description 
A planar rimless wheel of mass m, with n evenly spaced identical spokes of length R (The angle between each 
two spokes is 2αw=2π/n) and moment of inertia I0 about each spoke axis at the center of mass is assumed. The wheel 
is considered to roll down on a slope of angle α by a heading direction other than steepest decent in general case. 
This system has three degrees of freedom which can be chosen as the three orientation variables of 3-1-2 Euler 
angles representation, i.e., pitch (θ), heading (φ) and lean (ψ). So total state space configuration will be six-
dimensional with a state vector as 
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Fig. 1 Three DOF representation of the rimless wheel 
It is worth noting that for simplicity in results comparison, we tried to take same parameters as [12, 15]. But 
despite that, as can be seen in Fig 1, our variable angles are measured with respect to a fixed frame (XYZ) whose Z-
axis is vertical and aligned with gravity, rather than a fixed frame (XnYnZn) that is normal to the slope plane. It is 
inevitable for later general analysis of 3D turning. 
2.2. Single support phase equations 
The motion between two consequently collisions, i.e., from just after one collision until just before the next one, 
is named the single support phase. During this phase, the system is assumed that pivots about the support point and 
do not slip. Using angular momentum balance, the non-dimensionalized equations of motions of this stage can be 
written as 
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which these equations are given in terms of non-dimensionalized time τ=t√(g/R) and constants ζi defined as 
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మ
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2.3. Double support or Transition phase equations 
Once the trailing spoke reaches the ground, second phase of the motion called double support phase is occurred. 
This is well assumed as an instantaneous, perfectly plastic collision. So, one can consider that the angular 
momentum about the collision point is conserved during the transition phase. This yields a transition map between 
the variable rates of the wheel as below when “-“ and “+“ denote just before and just after the collision respectively 
቎
ሶ߮ ା
ሶ߰ ା
ߠሶ ା
቏ ൌ ቎
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and the elements of the transition matrix, T, are 
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so that θ implies Ʌെ and the constant ζ3 is defined as 
ߞଷ ൌ ଶூబା௠ோ
మ
ଶூబା௠ோమ஼ሺଶఈೢሻ  (8) 
Also, because of the perfectly plastic collision, it is known that during transition the wheel variable angles are 
without change. Even though, to match parameters at first of each step, it is required to reset pitch angle by 
θ+=2αw+θ-. Hence, a general map rule, Δ, is obtained for this transition phase of the motion as: 
ା ൌ ߂ሺିሻ  (9) 
3. Stable passive turning 
The dynamic models described before naturally lead to a hybrid system. One of the primary tools of stability 
analysis for periodic orbits in such models is the method of Poincare´ sections [5]. The Poincare section can be 
defined by a Poincare map P(.), that it maps the states of the system just after one collision , kx+, to just after the next 
one , k+1x+, namely 
࢞ା௞ାଵ ൌ ࡼሺ ࢞ା௞ ሻ  ሺͳͲሻ
Any fixed point of this Poincare map means a periodic motion. Therefore to find these periodic motions, the 
following equation can be solved numerically by methods such as Newton-Raphson. 
࢞כ ൌ ࡼሺ࢞כሻ݋ݎ࢞כ െ ࡼሺ࢞כሻ ൌ ૙  (11) 
3D motion analysis shows that there is a family of 2D periodic motions restricted to different vertical planes, 
concerned to different heading angles [12]. In these situations, the plane of the wheel will be parallel to the line of 
action of the gravity force. Indeed, the wheel will roll down on an effective slope angle γ (different from the steepest 
descent of the slope ground in general) as illustrated in Fig 2. The details of analytically calculation of a 2D fixed 
point have been presented in [12]. 
Accordingly, there are two types of rimless wheel walking on the slope. First, if the wheel is restricted to a 
vertical plane and released at a perturbed initial condition from its related 2D fixed point, it will finally become 
asymptotically stable about that plane (3D straight walking, no turning action). Secondly, if the wheel is slightly 
perturbed from the vertical plane, for example by taking a nonzero initial lean angle, it will be turned passively until 
it will be asymptotically settled in a new vertical plane again, parallel to the gravity vector. This new vertical plane 
indicates a new heading direction in general (passive turning).  
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Fig. 2 Two-dimensional periodic motion of the wheel on an effective slope angle γ  
The latter case is our interest in the present study. Hence, several simulations have been carried out for the 
assessment of this issue. The parameters used for the simulations are listed in Table 1. For instance, the wheel is 
assumed at the initial heading angle φ0=π/6 radian which is corresponding with a particular 2D fixed point x*. Then, 
it is released at a perturbed initial condition x0 that differs from x* in the nonzero lean angle value, i.e. ψ0≠0. 
For example, ψ0=0.02 is considered and the details of change in the wheel state variables during 400 steps are 
shown in Fig 3. As expected, this exhibits a passive turning because the heading angle changes about Δφ=0.56 
radian. As can be seen in lean angle curve, the wheel turns to the extent that it meets the zero lean angles finally. 
             Table 1. The parameters of the wheel and the ground 
name parameter 
Number of spokes n=16 
Radius of gyration √(I0/mR2)=0.5 
Slope of the ground α=2/16 
2D Fixed point x*=[ π/6,0, -0.0880,0,0,3.2054]  
Perturbed initial condition x0= x*+Δx =[ π/6,ψ0, -0.0880,0,0,3.2054]  
 
Also for comparison, different values of passive turnings caused by different values of ψ0 are presented in Figs 4 
and 5. For clarity, just the heading angle curves have been shown in Fig 4. As can be seen, for ψ0=0 there is no any 
turning, while for larger values of ψ0 the passive turning becomes more and more until the wheel would finally fall 
down (in the case of ψ0=0.05). The foot positions (the positions of the spoked contacts) are illustrated in Fig 5 too. 
Indeed, the value of passive turning is strictly concerned to the value of perturbation in initial states, especially in 
the initial lean angle or inclination i.e. ψ0. 
 
 
Fig. 3 State variables during approximately 0.56 radian passive turning, imposed by ψ0=0.02 radian 
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Fig. 4 Comparison different passive turning caused by different ψ0 (heading angle) 
 
Fig. 5 Comparison different passive turning caused by different ψ0 (foot position, left: 3D representation & right: up view in XY plane) 
These results further support the idea that the passive turning can be used to generate asymptotically stable 
turning motion with any desirable value in a biped walker. This can be done for example by controlling lean angle, 
not only for walking on a slope, but also for walking on a flat surface. Obviously, the latter might be possible 
through additional virtual gravity vector control to simulate slope conditions. 
4. Conclusion 
The 3D motion of a spoked rimless wheel on some slope grounds and about a general vertical fixed coordinate 
were studied. It was shown and emphasized that there are various passive turning motions for this system. Moreover 
the value of turning is strictly concerned to the value of the initial perturbed condition, or especially, to the initial 
perturbed lean angle.  
As the results show, the authors believe that this fact can be used to generate more natural and desirable turning 
in biped walkers with asymptotical stability. For future work, we hope to find some particular conditions and surface 
profiles which would present an interestingly continuous “circular passive turning” of the rimless spoked wheel. 
Such novel 3D passive periodic motion can be determined as 3D fixed points of a Poincare return map. 
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